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Background: The γ vibrational mode of excitation is an acknowledged collective mode in deformed
nuclei. The collectivity depends on the details of the shell structure around the Fermi levels, in
particular the presence of the orbitals that have the enhanced transition matrix elements of the
non-axial quadrupole excitation. Quite recently, a sudden decrease in the excitation energy of the
γ vibration was observed at RIKEN RIBF for the neutron-rich Dy isotopes at N = 106.
Purpose: In the present work, by studying systematically the microscopic structure of the γ
vibration in the neutron-rich Dy isotopes with N = 98− 114, we try to understand the mechanism
of the observed softening.
Methods: The low-frequency modes of excitation in the neutron-rich rare-earth nuclei are described
based on nuclear density-functional theory. We employ the Skyrme energy-density functionals (EDF)
in the Hartree-Fock-Bogoliubov calculation for the ground states and in the Quasiparticle Random-
Phase Approximation (QRPA) for the excitations.
Results: The lowering of the excitation energy around N = 106 is reproduced well by employing
the SkM* and SLy4 functionals. It is found that the coherent contribution of the ν[512]3/2 ⊗
ν[510]1/2, ν[510]1/2 ⊗ ν[512]5/2, and ν[512]3/2 ⊗ ν[514]7/2 excitations satisfying the selection rule
of the non-axial quadrupole matrix element plays a major role in generating the collectivity. We
find the similar isotopic dependence of the excitation energy in the neutron-rich Er and Yb isotopes
as well.
Conclusions: The microscopic framework of the Skyrme-EDF based QRPA describes well the
isotopic dependence of the energy of the γ vibration in the well-deformed neutron-rich rare-earth
nuclei. The strong collectivity at N = 108− 110 is expected as the Fermi level of neutrons lies just
among the orbitals that play an important role in generating the collectivity around N = 106.
PACS numbers: 21.10.Re; 21.60.Jz; 27.70.+q
I. INTRODUCTION
Atomic nuclei reveal spontaneous breaking of the ro-
tational symmetry in both real space and gauge space
in stepping away from the magic numbers. Most of the
deformed nuclei still keep the axial symmetry. In axially
deformed nuclei, a low-frequency quadrupole mode of ex-
citation, known as the γ vibration [1, 2], emerges. The γ
vibrational mode of excitation is regarded as a precursory
soft mode of the permanent non-axial deformation [1].
In actual nuclei, the onset of γ instability is expected
to occur in the transitional regions where the nucleus is
weakly deformed [3]. For example, a schematic Hamil-
tonian with the pairing-plus-quadrupole residual interac-
tions predicted an occurrence of the triaxial deformation
with an axial-deformation parameter β < 0.2 in the Os
(Z = 76) and Pt (Z = 78) isotopes around A = 188, and
the lowering of the second 2+ (2+2 ) state in the region of
A = 186− 190 [4].
Regardless of the nature of axial asymmetry, being ei-
ther γ vibration, γ softness (instability), or permanent
triaxial deformation, in deformed even-even nuclei the en-
ergy of the 2+2 state, on which a characteristic K
pi = 2+
γ band is built, decreases as the non-axial collectivity
is enhanced [5]. Experimentally, the 2+2 states were ob-
served at low excitation energy (. 800 keV) for the Dy
(Z = 66) and Er (Z = 68) isotopes with N = 98 [6]. In
such well-deformed, axially-symmetric nuclei, the ener-
gies of the low-spin members of the γ-vibrational band
obey reasonably well the regularity that is expected from
the standard rotor picture. On the other hand, some
nuclei tend to represent a staggering in energies of the
even- and odd-spin levels within a γ band. The pattern
of the even-odd staggering is expected to be opposite for
γ-unstable and γ-rigid rotors [7, 8]. For Pt isotopes, the
property of the γ band in 184Pt (N = 106) is close to
the γ-unstable case, while the other isotopes, in particu-
lar around N = 116, exhibit behaviors that fall between
the two extremes [6]. Although it is not simple to dis-
tinguish the γ softness and the rigid triaxial deformation
in terms of the staggering in γ-band energies even for
Os isotopes, which are supposed to be the typical γ-soft
nuclei [9], the fact that the 2+2 state is lower in energy
than the 4+1 level of the ground-state rotational band in
192Os (N = 116) is indicative of strongly enhanced ax-
ial asymmetry. The N = 116 isotones, 192Os and 190W
(Z = 74), the latter having the lowest 2+2 energy (454
keV) in this region [10], reveal isomeric-decay transitions
with anomalously low K hindrances [11, 12], indicating
that K is no longer a good quantum number due to sub-
stantial axial asymmetry.
Neutron-rich Dy isotopes around double midshell were
2produced by in-flight fission of a 238U beam at the RI-
Beam Factory (RIBF) at RIKEN, and their level struc-
tures were studied using the EURICA setup. Isomers
with Kpi = 6+ and 8− were identified in 170Dy (N =
104) [13] and 172Dy (N = 106) [14], respectively, both of
which decay to the respective ground-state and γ bands.
Despite the robust nature of the ground-state rotational
band and the K isomer, being characteristic of an axially
deformed nucleus, 172Dy has the γ band at unusually low
excitation energy compared to the nearby well-deformed
nuclei [14]. This spectroscopic result suggests that the
shell structure near the Fermi surface plays crucial roles
in developing the collectivity in this doubly mid-shell re-
gion.
The vibrational mode of excitation is described micro-
scopically by the Random Phase Approximation (RPA)
on top of the mean-field ground state [2]. Since the
ground state is deformed and in the superfluid phase,
the deformed Quasiparticle-RPA (QRPA) is commonly
employed to study the γ vibration [15]. The γ vibration
in the rare-earth nuclei was investigated systematically
in a Skyrme energy-density functional (EDF) approach
and comparison with the experimental data was made
in Refs. [16, 17]. The authors of Refs. [16, 17] found
that the SkM* functional [18] reproduces well the trends
in energies and transition probabilities in the light rare-
earth nuclei, although the numerical results obtained by
the QRPA are not perfect.
In this article, we investigate systematically the mi-
croscopic structure of the γ vibration in the neutron-rich
Dy isotopes with N = 98 − 114 in a Skyrme EDF ap-
proach. The γ vibration is described by the deformed
HFB + QRPA. This work is thus an extension of the
study made in Ref. [16] to the neutron rich side. We dis-
cuss the microscopic mechanism of the decrease in the
excitation energy at N = 106 observed experimentally.
In Sec. II, we introduce the basic equations of the de-
formed HFB + QRPA needed to investigate the micro-
scopic structure of the γ vibration. The results are pre-
sented and discussed in Sec. III. Finally, we summarize
this article in Sec. IV.
II. NUMERICAL METHOD
A. Basic equations of deformed HFB + QRPA
Details of the axially deformed HFB in the cylindrical-
coordinate space with the Skyrme EDF and the QRPA
in the quasiparticle (qp) representation can be found in
Refs. [19, 20]. Here, we briefly recapitulate the outline of
the formulation.
To describe the nuclear deformation and the pairing
correlations simultaneously, taking into account the spa-
tial extension, we solve the HFB equations [21, 22]
(
hq(rσ)− λq h˜q(rσ)
h˜q(rσ) −[hq(rσ)− λq]
)(
ϕq1,α(rσ)
ϕq2,α(rσ)
)
= Eα
(
ϕq1,α(rσ)
ϕq2,α(rσ)
)
(1)
in real space using cylindrical coordinates r = (ρ, z, φ).
Here, q = ν (neutron) or pi (proton). We assume axial
and reflection symmetries. Since we consider the even-
even nuclei only, the time-reversal symmetry is also as-
sumed. A nucleon creation operator ψˆ†(rσ) at the posi-
tion r with the intrinsic spin σ is written in terms of the
qp wave functions as
ψˆ†q(rσ) =
∑
α
ϕq1,α(rσ¯)βˆ
†
q,α + ϕ
q∗
2,α(rσ)βˆq,α (2)
with the quasiparticle creation and annihilation opera-
tors βˆ†, βˆ. The notation ϕ(rσ¯) is defined by ϕ(rσ¯) =
−2σϕ(r − σ).
For the mean-field Hamiltonian h, we mainly employ
the SkM* functional [18]. For the pairing energy, we
adopt the volume-type pairing following Ref. [16]; the
strength is fixed as V0 = −190 MeV fm
3 and −220 MeV
fm3 for neutrons and protons, respectively. Since we as-
sume the axially symmetric potential, the z−component
of the qp angular momentum, Ω, is a good quantum
number. Assuming time-reversal symmetry and reflec-
tion symmetry with respect to the x− y plane, the space
for the calculation can be reduced into the one with pos-
itive Ω and positive z only.
Using the qp basis obtained as a self-consistent solution
of the HFB equations (1), we solve the QRPA equation
in the matrix formulation [23]
∑
γδ
(
Aαβγδ Bαβγδ
−Bαβγδ −Aαβγδ
)(
X iγδ
Y iγδ
)
= ~ωi
(
X iαβ
Y iαβ
)
. (3)
The residual interaction in the particle-hole (p-h) chan-
nel appearing in the QRPA matrices A and B is derived
from the Skyrme EDF. The residual Coulomb interaction
is neglected because of the computational limitation. We
expect that the residual Coulomb interaction plays only
a minor role [24–27], in particular on the Kpi = 2+ states
that is orthogonal to the spurious modes. We also drop
the so-called “J2” term CTt both in the HFB and QRPA
calculations for the selfconsistency. The residual interac-
tion in the particle-particle (p-p) channel is the same one
used in the HFB calculation.
The electric and neutron reduced probabilities are eval-
uated with the intrinsic transition strengths to the γ-
vibrational mode i in the rotational coupling scheme [1]
as
B(E2; 0+gs → 2
+
γ ) = 2e
2|〈i|Fˆpiλ=2,K=2|0〉|
2, (4)
B(N2; 0+gs → 2
+
γ ) = 2|〈i|Fˆ
ν
λ=2,K=2|0〉|
2, (5)
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FIG. 1. (Color online) Matter axial-deformation parameters
calculated with the SkM* functional for the Dy, Er, and Yb
isotopes.
where
Fˆ qλ=2,K=2 =
∑
σ
∫
drr2Y22(rˆ)ψˆ
†
q(rσ)ψˆq(rσ). (6)
The intrinsic transition matrix element is given as
〈i|Fˆ qλK |0〉 =
∑
αβ
M q,iαβ (7)
≡
∑
αβ
(X iαβ + Y
i
αβ)〈αβ|Fˆ
q
λK |0〉 (8)
with the RPA amplitudes and the two-quasiparticle (2qp)
matrix elements.
B. Details of the numerical calculation
For solution of the HFB equations (1), we use a lat-
tice mesh size ∆ρ = ∆z = 0.6 fm and a box boundary
condition at ρmax = 14.7 fm, zmax = 14.4 fm. The dif-
ferential operators are represented by use of the 13-point
formula of finite difference method. Since the parity (pi)
and the magnetic quantum number (Ω) are good quan-
tum numbers, the HFB Hamiltonian becomes in a block
diagonal form with respect to each (Ωpi , q) sector. The
HFB equations for each sector are solved independently
with 64 cores for the qp states up to Ω = 31/2 with pos-
itive and negative parities. Then, the densities and the
HFB Hamiltonian are updated, which requires commu-
nication among the 64 cores. The modified Broyden’s
method [28] is utilized to calculate new densities. The
qp states are truncated according to the qp energy cutoff
at Eα ≤ 60 MeV.
We introduce an additional truncation for the QRPA
calculation, in terms of the 2qp energy as Eα + Eβ ≤ 60
MeV. This reduces the number of 2qp states to, for in-
stance, about 40500 for the Kpi = 2+ excitation in 180Dy.
The calculation of the QRPA matrix elements in the
qp basis is performed in the parallel computers. In the
present calculation, all the matrix elements are real and
evaluated by the two-dimensional numerical integration.
We use 256 cores to compute them.
To save the computing time for diagonalization of the
QRPA matrix, we employ a technique to reduce the non-
Hermitian eigenvalue problem to a real symmetric matrix
of half the dimension [2, 29]. For diagonalization of the
matrix, we use the ScaLAPACK pdsyev subroutine [30].
To calculate the QRPA matrix elements and to diagonal-
ize the matrix, it takes about 220 core hours and 35 core
hours, respectively on the COMA(PACS-IX), the super-
computer facility at the CCS in Tsukuba.
III. RESULTS AND DISCUSSION
The even-N Dy isotopes with N = 98 − 114 under
investigation are all well deformed with the SkM* func-
tional as shown in Fig. 1; the matter axial-deformation
parameter β ranges from 0.26 to 0.33. The deformation
saturates for N = 98− 102 and decreases as the neutron
number increases. According to the systematic Skyrme-
EDF calculation [31], the deformation gets weaker toward
the spherical magic number at N = 126. The even-N Er
and Yb isotopes withN = 98−114 are also well deformed
similarly to the Dy isotopes. We assume the nuclei un-
der consideration are described in a strong coupling pic-
ture [1]. Experimentally, the ratio of the excitation en-
ergies of the 4+1 state to the 2
+
1 state stays around 3.3 in
the Dy, Er, and Yb isotopes with N = 98− 106 [6].
Figure 2 shows the single-particle (sp) energies of pro-
tons and neutrons as functions of the deformation pa-
rameter β in 172Dy. The sp energies are obtained by re-
diagonalizing the mean-field Hamiltonian h in the HFB
equation (1). One can see that a Z = 66 deformed-shell
gap intervenes the pi[411]1/2 and pi[411]3/2 orbitals. The
pi[413]5/2 orbital is also located around the Fermi level.
It is noted that the selection rule of the enhanced matrix
element for the operator (6) is given as
∆N = 0 or 2,∆n3 = 0,∆Λ = ∆Ω = ±2. (9)
As we will see, the 2qp excitations of pi[411]1/2 ⊗
pi[411]3/2 and pi[411]1/2 ⊗ pi[413]5/2 have a significant
contribution to generation of the collectivity. These 2qp
excitation satisfy the selection rule (9), and thus plays a
noticeable role in the occurrence of the γ vibration in the
Dy isotopes under consideration. Since the shell struc-
ture of protons does not alter so much with the neutron
number, the isotopic dependence of the excitation energy
of the γ vibration is governed by the details of the shell
structure of neutrons.
The upper panel in Fig. 3 shows the QRPA frequency
of the γ vibration. The results obtained by using the
SLy4 functional [32] are also shown together with the nu-
merical results in Ref. [24], the experimental data tabu-
lated in Ref. [6], and the data obtained at RIKEN [13, 14].
For the data of RIKEN, the band head energy was ex-
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FIG. 2. Single-particle energies of protons (left) and neutrons (right) as functions of axial-deformation parameter β in 172Dy.
The positive- and negative-parity states are represented by the solid and dashed lines, and the Fermi levels are denoted by the
dashed-dotted lines. Some levels relevant to the discussion are indicated by the asymptotic quantum numbers [Nn3Λ]Ω.
trapolated assuming the observed Ipi = 5+, 6+, and 7+
states belong to the γ band.
We see that both the SkM* and SLy4 functionals re-
produce well the lowering of the excitation energy at
N = 106. The lower panel in Fig. 3 shows the intrin-
sic quadrupole transition strengths to the γ-vibrational
mode using the SkM* and SLy4 functionals. The electric
reduced probabilities calculated with the SkM* and SLy4
functionals are about 10 – 20 in Weisskopf unit (W.u.)
except for N = 106− 110 with the SkM* functional. In
the case of the SkM* functional, the QRPA frequency
drops down to a few hundred keV at N = 108 − 110,
and the quadrupole transition strengths increase drasti-
cally. Indeed, the sum of the backward-going amplitude
is 1.90 and 2.59 for N = 108 and 110, respectively, which
indicates the RPA overestimates the collectivity of the
γ vibrational mode. Since this kind of singularity occurs
artificially due to the small amplitude approximation, we
are going to discuss the isotopic trend in the energy and
transition strength rather than putting emphasis on the
absolute values.
In 164Dy, the γ vibration is constructed mainly by
the pi[411]1/2⊗ pi[411]3/2 excitation with an amplitude
X2−Y 2 = 0.20, and the pi[411]1/2⊗pi[413]5/2 excitation
with 0.16. In addition to these 2qp excitations of protons,
the ν[521]1/2⊗ν[523]5/2 and ν[521]1/2⊗ν[521]3/2 exci-
tations have a predominant contribution with the ampli-
tude of 0.24 and 0.16, respectively. These 2qp excitations
of neutrons also satisfy the selection rule (9).
When two neutrons are added to 164Dy, the Fermi level
of neutrons in 166Dy gets higher. Then, the 2qp excita-
tion of neutrons, that play a major role in 164Dy, are a
hole-hole type excitation, and thus the quadrupole ma-
trix element is reduced. Therefore, the collectivity of γ
vibration gets weaker.
In 168Dy, the contribution of the above-mentioned 2qp
excitations of neutrons is less important. The amplitude
of the ν[521]1/2⊗ν[523]5/2 and ν[521]1/2⊗ν[521]3/2 ex-
citations is 0.08 and 0.03 only. Instead, the ν[510]1/2⊗
ν[512]5/2 excitation starts to contribute (with an ampli-
tude of 0.13) to the γ vibration, though this is a particle-
particle type excitation. The collectivity of γ vibration
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FIG. 3. (Color online) (a) QRPA frequency of the γ vibra-
tional mode obtained by using the SkM* and SLy4 function-
als. Shown are also the QRPA results in Ref. [16] and the ex-
perimental data [6, 13, 14]. (b) Intrinsic quadrupole transition
strengths to the γ vibrational mode. The electric (proton)
and neutron transition strengths are denoted by the filed and
open symbols, and the results obtained by using the SkM*
and SLy4 functionals are denoted by the square and circle.
The neutron transition strength obtained by using the SkM*
in 174Dy and 176Dy is 7670 fm4 and 10830 fm4, respectively.
depends on how far the ν[510]1/2 and ν[512]5/2 orbitals
are located from the Fermi level.
Beyond 168Dy, the ν[510]1/2 ⊗ ν[512]5/2 excitation
plays a central role in generating the γ vibration. Fig-
ure 4 shows the matrix elements Mναβ in Eq. (7) of
the 2qp excitations of neutrons near the Fermi level,
carrying the low 2qp-excitation energy. Actually, in
170Dy, the γ vibration is constructed mainly by the
pi[411]1/2 ⊗ pi[411]3/2 excitation with an amplitude of
0.28, the pi[411]1/2⊗pi[413]5/2 excitation with 0.20, and
the ν[510]1/2⊗ ν[512]5/2 excitation with 0.25.
When two more neutrons are added to 170Dy, the
particle-particle type excitation, such as the ν[512]3/2⊗
ν[510]1/2 and ν[512]3/2 ⊗ ν[514]7/2 excitations starts
to contribute to the γ vibration coherently as shown in
Fig. 4 with an amplitude of 0.10 and 0.06. These 2qp
excitations of neutrons again satisfy the selection rule
(9). This is a microscopic mechanism of the lowering of
the excitation energy of γ vibration in 172Dy observed
recently [14].
With an increase in the neutron number, the Fermi
level of neutrons lies just among the ν[512]3/2, ν[510]1/2,
and ν[514]7/2 orbitals in 174,176Dy. The 2qp matrix ele-
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FIG. 4. (Color online) Neutron matrix elements Mναβ of the
2qp excitations near the Fermi level for the γ vibrational mode
in the Dy isotopes.
ment of these excitations thus achieves maximum value
in these isotopes. Therefore, we obtain the strongest col-
lectivity. When more neutrons are added, these 2qp ex-
citations are a hole-hole type excitation, and the unper-
turbed 2qp states are located higher in energy. Then,
the quadrupole transition strength is smaller, and the
excitation energy of γ vibration is higher.
Finally, we investigate the γ vibration in the neutron-
rich Er and Yb isotopes. Figure 5 shows the QRPA fre-
quency of the γ vibration in the even-N neutron-rich Er
and Yb isotopes together with the Dy isotopes. We see
that the isotopic trend in the energy is similar to each
other. Lowering of the energy is seen in N = 98 and
N = 108, and 110. As we saw in Fig. 1, the deformation
property of the Er and Yb isotopes is similar to that of
the Dy isotopes, and the shell structure of neutrons near
the Fermi level may not be very different from that of
the Dy isotopes.
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FIG. 5. (Color online) QRPA frequencies of the γ vibrational
mode in the Dy, Er, and Yb isotopes with N = 98 − 114
obtained by using the SkM* functional.
Indeed, the γ vibration in 176Er (178Yb) is coherently
constructed by the ν[512]3/2 ⊗ ν[510]1/2, ν[512]3/2 ⊗
ν[514]7/2, and ν[510]1/2 ⊗ ν[512]5/2 excitations with a
weight of 0.26 (0.42), 0.18 (0.29), and 0.12 (0.11), re-
spectively. For the proton configuration, pi[411]1/2 ⊗
pi[411]3/2 and pi[411]1/2 ⊗ pi[413]5/2 excitations have
some contribution with a weight of 0.17 (0.02) and 0.09
(0.01). Since the Fermi level of protons in the Er and Yb
isotopes is located higher in energy than the pi[411]1/2
orbital, the transition matrix element is reduced, and
the protons’ contribution to the γ vibration is smaller.
Therefore, the collectivity of γ vibration is weaker than
in the Dy isotopes. However, we can say that the mi-
croscopic mechanism governing the enhanced collectivity
aroundN = 108 in the Dy isotopes is robust in the neigh-
boring nuclei.
For the higher-Z nuclei, where the deformation is weak,
the amplitudes of shape fluctuation about the equilib-
rium shape increase. In such a situation, the large-
amplitude motion has to be considered [33].
IV. SUMMARY
We investigated the microscopic structure of the γ vi-
bration in the neutron-rich Dy isotopes withN = 98−114
systematically in a Skyrme energy-density functional ap-
proach to clarify the underling mechanism of the lower-
ing of the excitation energy around N = 106 observed
recently at RIKEN. The isotopic dependence of the en-
ergy is reproduced well by employing the SkM* and SLy4
functionals. We found that the coherent contribution
of the ν[512]3/2⊗ ν[510]1/2, ν[510]1/2⊗ ν[512]5/2, and
ν[512]3/2⊗ ν[514]7/2 excitations satisfying the selection
rule of the non-axial quadrupole matrix element plays a
major role in generating the collectivity. Furthermore,
we found the similar isotopic dependence of the excita-
tion energy in the neutron-rich Er and Yb isotopes as
well. The strong collectivity at N = 108 − 110 is ex-
pected as the Fermi level of neutrons lies just among the
orbitals that play an important role in generating the
collectivity around N = 106.
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